Abstract An element z ∈ CP d−1 is called fiducial if {gz : g ∈ G} is a set of lines with only one angle between each pair, where G ∼ = Z d × Z d is the one-dimensional finite Weyl-Heisenberg group modulo its centre. We give a new characterization of fiducial vectors. Using this characterization, we show that the existence of almost flat fiducial vectors implies the existence of certain cyclic difference sets. We also prove that the construction of fiducial vectors in prime dimensions 7 and 19 due to Appleby (J. Math. Phys. 46(5):052107, 2005) does not generalize to other prime dimensions (except for possibly a set with density zero). Finally, we use our new characterization to construct fiducial vectors in dimension 7 and 19 whose coordinates are real.
Introduction
One of the most challenging problems in algebraic combinatorics is finding large sets of lines with few angles between the pairs. In particular, the problem of finding equiangular lines in real and complex spaces is still wide open. In this paper, we only work with lines which lie in complex space C d , unless stated otherwise. A line in C d is an element in the complex projective space CP d−1 , the space of one-dimensional complex vector subspaces of C d . Each element in CP d−1 can be represented by a unit vector u in C d . Note that such a representation is not unique since λu with |λ| = 1 represents the same line. In the rest of the paper, we only work with the unit vectors in C d to represent a line. The cosine of the angle between the lines spanned by unit vectors u, v ∈ C d is defined as |u * v|, the absolute value of their inner product. A set of lines in C d spanned by unit vectors v 1 , . . . , v k is equiangular if there exists a constant α such that |v * i v j | = α for every 1 ≤ i < j ≤ k. It is not hard to show that if X is a set of equiangular lines in C d then |X| ≤ d 2 . If |X| = d 2 then X is called a maximum set of equiangular lines. If such a maximum set exists then we must have α = 1/ √ d + 1. To the best of our knowledge, such maximum sets are presented in [2, [10] [11] [12] [13] 17 ] for 2 ≤ d ≤ 10 and d ∈ {12, 19}. In addition, it is claimed in [7] (with reference to private communication with Markus Grassl) that such sets also exist for d ∈ {11, 13, 15}. Mostly, the proof that such given sets are equiangular is not published, as it may generally require pages of tedious algebra to give a complete proof. Nevertheless, the problem is still open for a general d: Throughout the paper, let {e j : j ∈ Z d } be the standard basis for C d , and let ω be a d-th primitive root of unity in C. The coordinates of a vector z ∈ C d are always indexed by Z d , the set of integers modulo d. When there is no confusion, we will write (z j ) instead of (z j ) j ∈Z d to represent z. The conjugate of an element x ∈ C is denoted byx and A * denotes the conjugate transpose of a complex valued matrix A. The Pauli matrices for Z d are defined by their action on the standard basis as follows: 
where Z(G) denotes the centre of G. Observe that the quotient group 
(except for the set of 64 lines in C 8 constructed by Hoggar [12] , in which the group Z 3 2 is used instead of Z 8 ).
It is widely believed that for every d there exists a fiducial vector in C d (for example see [2, 7, 9, 11, 13, 17] ). The set of d 2 equiangular lines in C d has been discussed in different contexts. For example, in quantum information theory it is a symmetric informationally complete positive operator valued measure (SIC-POVM), which is composed of d 2 rank-one operators all of whose operator inner products are equal. In the quantum information theory community, there has been notable interest to construct such SIC-POVMs in every dimension and most of the focus has been on SICPOVMs which are invariant under the Weyl-Heisenberg group (i.e. the SIC-POVMs that arise from fiducial vectors). Equiangular lines have several applications to quantum information such as quantum fingerprinting [15] , quantum tomography [5] and quantum cryptographic protocols [8] . They also play a role in the Bayesian formulation of the quantum mechanics [5, 8] where they make nice standard quantum measurements. Equiangular lines have also been studied in the context of spherical codes and designs [6] . In Section 2 we will present a new characterization of fiducial vectors (Theorem 2.2) which plays an essential role in the rest of the paper. In Sections 3, 4, and 5, we study three types of fiducial vectors which are closely related: almost flat, argument Legendre, and real Legendre. Using the new characterization, we show that the existence of almost flat fiducial vectors implies the existence of certain cyclic difference sets. The fiducial vectors in dimensions 7 and 19 constructed by Appleby [2] are examples of the argument Legendre fiducial vectors. We prove that the construction of these vectors does not generalize to other prime dimensions (except for possibly a set with density zero). We also use our new characterization to construct fiducial vectors in dimension 7 and 19 whose coordinates are real. Finally, a concise fact regarding the non-existence of a general fiducial vector is discussed in Section 6.
A note about the proofs: To sustain the flow of the paper we have moved the proofs of some of the theorems to the Appendix.
The characterizing identities
One of the interesting properties of a set of equiangular lines of the form {gz : g ∈ G} is that with certain assumptions on G, instead of checking the equality of 
Theorem 2.2 A vector z = (z j ) ∈ C d is fiducial if and only if for every (s, t)
where
It follows that the vector z is fiducial if and only if
(1)
the above identity holds if and only if
is a polynomial of degree at most d − 1, this is equivalent to the fact that f s (x) is identically equal to zero. That is f s,t (z) = 0 when t = 0, and
, by combining the above cases, we get the desired result.
Remark. We have noted that the above theorem has also been discovered independently in [3] , a few months after the original submission of this article.
Remark.
2 can be replaced with the set:
As an immediate corollary, we get the following necessary conditions for a vector to be fiducial:
, where r j ∈ R and θ j ∈ [0, 2π), be a fiducial vector in C d . Then the following identities hold:
for s = 0.
(2)
Remark Note that the set {X 0 Y k z : k ∈ Z d } is equiangular if and only if (2) holds, and also note that
Therefore, the equiangular condition test for this set is independent of the argument values of the coordinates of z and it is only dependent on their absolute values.
A note on equiangular vectors A set of vectors in R d is called equiangular if the inner product between every two distinct vectors in the set is a constant. Note the difference between equiangular vectors and equiangular lines where we require the absolute value of the inner products to be a constant. Now, assume that z = (r j e iθ j ), where r j ∈ R and θ j ∈ [0, 2π), is a fiducial vector in C d . Also, let x = ( d+1 2 r 2 j ). Then, using Corollary 2.3, one may observe that S = {x, X 1 x, . . . , X d−1 x} is a set of d equiangular vectors on the unit sphere in R d with common angle 60°. Note that the set S is unique up to a unitary transformation Q. This is because the matrix whose set of columns is S can be decomposed to QR, where Q is a unitary and R is an upper triangular matrix.
In the following three sections, we will treat three types of fiducial vectors: almost flat, argument Legendre, and real Legendre. The argument Legendre fiducial vectors are almost flat and are discussed by Appleby [2] in specific dimensions. Since the real Legendre fiducial vectors have very similar properties to the argument Legendre ones and also all of the coordinates of such vectors have the same argument, we have also investigated this class of fiducial vectors.
Almost flat fiducial vectors
A vector in C d is called flat if all its coordinates have the same absolute value. It is proved [9] that there are at most To take it one step further, we say a vector is almost flat if it is flat except for one coordinate. Appleby [2] constructed fiducial vectors in dimensions 7 and 19 which are almost flat. Using an eigenvalue argument, Roy [14] proved that for almost flat fiducial vectors in C d , the absolute values of the coordinates are determined in terms of d. We provide an alternative proof of this fact here: [4] ). The proof of the following theorem is given in Appendix B. 
,
Argument Legendre fiducial vectors
Let p denote a prime number. For every j ∈ Z p let j p denote the Legendre symbol, that is j p is 0 (respectively 1 or −1) if j = 0 (respectively if j is a quadratic or a non-quadratic residue).
Definition 4.1 We say a fiducial vector
Note that AL fiducial vectors are almost flat. Thus, by Theorem 3.1 and its succeeding remark, if p > 3 then we must have
In fact, if an AL fiducial vector exists, then the value of θ is also determined in terms of p:
Proposition 4.2 Let p > 3 such that p ≡ 3 (mod 4). If z ∈ C p is an AL fiducial vector with parameters (a, b, θ) then
The proof of this proposition is rather long and technical and is given in the Appendix. By using Theorem 2.2 it is easy to check that the vector ( √ 2/3, e iπ/3 / √ 6, e −iπ/3 / √ 6) is an AL fiducial vector in C 3 . The construction of AL fiducial vectors in C 7 and C 19 is given by Appleby in [2] . However, a proof that the given vectors are in fact fiducial is not given in his work. One may interpret that the proofs are basic but require some extensive tedious algebra. We will give a short proof that Appleby's vectors [2] are fiducial: 
has a solution. If p = 7, we may easily verify that
It is therefore straightforward to check that the system (4) has a solution for p = 7 when a = Analogously for p = 19, we have Using MAPLE, Roy [14] confirms (numerically) that there are no other AL fiducial vectors for p ≤ 400. We conjecture that AL fiducial vectors only exist for p ∈ {3, 7, 19}. Except for a set of primes with density zero, we are able to confirm this conjecture: Theorem 4. 4 There exists a set of primes P with zero density (in the set of all primes that are equal to 3 modulo 4) such that for all p / ∈ P there exists no AL fiducial vector in C p .
In fact, in the proof of Theorem 4.4, we will see that P is the set of primes p > 7 such that a(p) = −3 and p ≡ 11 or 19 (mod 24), where a(p) denotes the trace of the Frobenius endomorphism of the elliptic curve y 2 = x(x + 1)(x + 2)(x + 3):
The fact that the set P has density zero follows from Theorem 20 in [16] .
Real fiducial vectors
We say a fiducial vector z of dimension d is real if z ∈ R d .
Example 5.1 By Theorem 2.2, a vector
is a solution to this system and is thus a real fiducial vector.
It seems that real fiducial vectors rarely exist as the assumption z ∈ R d is rather strong. On the other hand, searching for such fiducial vectors should be easier since one needs to deal with less parameters. In fact, the number of unknown real parameters in a real fiducial vector in C d is only d compared to the number of unknown real parameters in a general fiducial vector in C d which is 2d − 1 (we may always assume z 0 ∈ R). Despite this fact, we are able to find real fiducial vectors in dimension 7 and 19 where the coordinates only take 3 distinct values.
It would be quite interesting to know whether real fiducial vectors in dimensions other than 3, 7, and 19 exist. In this section, we will discuss a special type of real fiducial vectors (called real Legendre) which have similar characteristics to the argument Legendre fiducial vectors.
Real Legendre fiducial vectors
Let p be a prime number. We call a fiducial vector z = (z j ) ∈ C p real Legendre (RL) if there exist a, b, c ∈ R such that
In the next two theorems, we will show that real Legendre fiducial vectors exist for p ∈ {7, 19}. Proof By Theorem 2.2, the vector z ∈ R 7 is fiducial if and only if (a, b, c) is a solution to the following system Remark. Since every fiducial vector has unit length, we have added the polynomial a 2 + 3 b 2 + 3 c 2 − 1 to the set of generators of I to reduce the degree of the polynomials in the Gröbner bases. 
The rest of the proof is similar to the proof of Theorem 5.2.
Remark. As in dimension 7, adding the polynomial a 2 + 9 b 2 + 9 c 2 − 1 to the set of generators of I would reduce the degree of the polynomials in the Gröbner bases.
The following result is an analogous version of Theorem 4.4 for RL vectors:
There exists a set of primes P with zero density (in the set of all primes that are equal to 3 modulo 4) such that for all p / ∈ P there exists no RL fiducial vector in C p .
Since the proof of the above theorem is similar to that of Theorem 4.4 and only involves some basic algebra, we have omitted the proof. However, in the proof of the Theorems 4.4 and 5.4, one can see that the exact same set P satisfies the conditions of these two theorems. This strongly suggests that one may find a one to one correspondence between the set of AL fiducial vectors and the set of RL fiducial vectors. If such a transformation is found then the proof of one of the mentioned theorems can be skipped. Now let us look at a crucial group for which a fiducial vector is invariant. We will discuss briefly why such a transformation (if any) cannot be in this group.
Let C(d) denote the Clifford group, the group of all unitary operations U which normalize the generalized Pauli group GP(d), i.e. U GP(d) U * = GP(d). Let J be the mapping that maps (z j ) ∈ C d to (z j ). The extended Clifford group is the group consisting of C(d) and all elements of the form JU, where U ∈ C(d). This group is denoted by EC(d). The relevance of the (extended) Clifford group to the set of equiangular lines arising from GP(d) has been discussed by several authors (for example see [2, 10] ). Note that if z is a fiducial vector and U ∈ EC(d) then Uz is also a fiducial vector. Therefore EC(d) lies in the automorphism group of the set of fiducial vectors in C d . Appleby [2] proves that for odd d the group EC(d) modulo its centre I(d) is isomorphic to the group ESL(2,
denotes the group of all 2 × 2 matrices over Z d with determinant equal to ±1 and denotes the wreath product. On page 17 in [2] , Appleby also describes a method to find the stability group of a given fiducial vector z ∈ C d , the set of all U ∈ EC(d)/I(d) for which z is eigenvector. Applying the same method, it turns out that the stability group of the RL fiducial vector in dimension 7 (from Theorem 5.2) is isomorphic to the order 3 subgroup generated by
But the stability group of the AL fiducial vector in dimension 7 (from Theorem 4.3) is isomorphic to the order 6 subgroup (see [2] ) generated by
and therefore the two AL and RL fiducial vectors in dimension 7 do not belong to the same orbit under the action of the extended Clifford group. Therefore, the transformation discussed in the previous paragraph cannot be found in EC(d). Similar argument shows that the two AL and RL fiducial vectors in dimension 19 do not belong to the same orbit under the action of the extended Clifford group. In fact, the stability group of the RL fiducial vector in dimension 19 (from Theorem 5.3) is isomorphic to the order 9 subgroup generated by
whereas the stability group of the AL fiducial vector in dimension 19 (from Theorem 4.3) is isomorphic to the order 18 subgroup (see [2] ) generated by
Periodic fiducial vectors
We say that a sequence (a j ) j ∈Z d is periodic if there exists p ∈ Z d \ {0} such that a j +p = a j for every j ∈ Z d . The smallest such p is called the period of the sequence. Simplifying the above equation, we get k = 1, which is a contradiction.
for every s ∈ Z d \ {0}. Thus, by using identities (7) and (8) , this can be rewritten asassume p > 7. As in the proof of Proposition 4.2, by letting δ =
